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Abstract
Protected by an approximate shift symmetry, axions are well motivated candidates
for driving cosmic inflation. Their generic coupling to the Chern-Simons term of any
gauge theory gives rise to a wide range of potentially observable signatures, including
equilateral non-Gaussianites in the CMB, chiral gravitational waves in the range of
direct gravitational wave detectors and primordial black holes (PBHs). In this paper
we revisit these predictions for axion inflation models non-minimally coupled to gravity.
Contrary to the case of minimally coupled models which typically predict scale-invariant
mass distributions for the generated PBHs at small scales, we demonstrate how broadly
peaked PBH spectra naturally arises in this setup. For specific parameter values, all of
dark matter can be accounted for by PBHs.
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1 Introduction
The recent detection of gravitational waves (GWs) emitted by a black hole (BH) binary
by the LIGO/VIRGO collaboration [1] marked not only the beginning of a new age of
GW astronomy but can also be seen as the first direct evidence of BHs. With a lot more
data from advanced LIGO/VIRGO and from the future space-mission LISA [2] on the
horizon, these are exciting times for considering possible implications for fundamental
physics and early universe cosmology.
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Prompted by the LIGO discovery and the lack of positive results in dedicated dark
matter searches, the idea that primordial black holes (PBHs) could be (a fraction
of) dark matter has recently received a lot of attention [3–10]. PBHs are formed
when local over densities collapse due to their gravitational instability. Here we will
focus on the possibility that these local over densities are sourced by the primordial
scalar power spectrum of inflation (see e.g. Refs. [11, 12] for other recently discussed
possibilities). This requires an amplitude of the scalar power spectrum which is much
larger than the amplitude observed in the cosmic microwave background (CMB), i.e.
a highly blue spectrum. On the other hand, PBHs formed at very small scales are
strongly constrained by the traces their decays leave in the CMB and in the extra-
galactic gamma ray background [13]. A viable model of PBH dark matter thus requires
a non-trivial peaked structure of the primordial scalar power spectrum. It has been
demonstrated that such spectra can be achieved in multifield models of inflation [14–23]
or by arranging for the corresponding features in the scalar potential of inflation [24–26].
In this paper, we generate PBH dark matter in an inflation model which is based on two
simple, generic features: an axion-like inflaton with a non-minimal coupling to grav-
ity which increases towards the end of inflation. Axion-like particles are interesting
inflaton candidates for several reasons: (i) their approximate shift-symmetry protects
them from large mass contributions, preserving the required slow-roll phase of infla-
tion. (ii) they appear abundantly in supergravity as part of complex scalars as well
as in string theory [27], where they typically arise upon compactification of form field
gauge potentials. (iii) they generically couple to the topological Chern-Simons term
of any gauge group, leading to a wide range of potentially observable effects [28–31].
These include a non-Gaussian and blue contribution to the scalar spectrum, potentially
leading to PBH formation [26,32–36] as well as a blue, non-Gaussian and highly polar-
ized stochastic GW spectrum, potentially observable by LIGO or LISA [37–39]. The
predictions for different universality classes of pseudoscalar inflation have recently been
studied in Ref. [40]. Here we extend this work by allowing for a non-minimal coupling to
gravity, i.e. by considering simple Jordan frame inflation models. In recent years, such
a setup was found to be appealing both for deriving the supergravity Lagrangian [41]
and from a phenomenological perspective, driven most notably by the discussion of
Higgs inflation [42]. Such a non-minimal coupling to gravity is a characteristic feature
of supergravity in the Jordan frame [43–48]. The so-called attractor models at strong
coupling [44, 49] are an example of how the non-minimal coupling to gravity can be
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used to construct classes of models which asymptote to the sweet spot of the Planck
data, see also [50–60] for other implementations.
Combining these two ingredients, the following picture emerges: at large scales (con-
strained by CMB observations [61]), i.e. early on in the inflationary epoch, both the
coupling to the Chern-Simons term and the non-minimal coupling to gravity are sup-
pressed. As inflation proceeds, the former generically induces a tachyonic instability in
the equation of motion for the gauge fields, leading to a gauge-field background which
in turn acts as an additional, classical source term for scalar and tensor perturbations.
This results in a strong increase of both spectra. Once the gauge field production has
reached a critical value, the back-reaction of the gauge fields on the inflaton dynam-
ics slows the growth of both spectra [31, 62, 63]. Finally, in the last stage of inflation
the non-minimal coupling to gravity becomes relevant and both the scalar and tensor
spectrum are suppressed. As a result, a significant fraction of dark matter (for spe-
cific parameter choices even all of dark matter) can be contained in PBHs. In part of
the parameter space their mergers may be observable by advanced LIGO. We observe
a remarkable complementarity between CMB observations, PBH constraints and GW
searches in constraining the parameter space of this setup.
The remainder of this paper is organized as follows. After a review of axion inflation
in Sec. 2, we extend the formalism to account for a non-minimal coupling to gravity in
Sec. 3. This in particular includes the computation of the resulting scalar and tensor
perturbations, sourced by both the quantum mechanical vacuum contribution and the
classical gauge field contribution. In Sec. 4 we apply these results to inflation models
described by attractors at strong coupling. We dedicate Sec. 5 to the production of
primordial black holes, discussing different regions of the parameter space based on a
handful of benchmark models. We conclude in Sec. 6. The main results of this paper
are supported by three appendices. In App. A we discuss how the type of axions we
consider here arise in the context of field theory, supergravity and string theory. Some
of the details of the derivations of the scalar power spectrum are left to App. B. Finally,
App. C analyses how uncertainties related to the PBH formation and evolution impact
our results.
3
2 A review of axion inflation
In this section we give a review5 of the case of a pseudoscalar inflaton φ coupled to
Abelian gauge fields. In particular we show that a generic higher-dimensional cou-
pling between the inflaton and the gauge fields introduces an instability in the theory,
which leads to an exponential production of the gauge fields [28–30]. Interestingly
this effect induces a back-reaction both on the background dynamics [31, 62, 63] and
on the perturbations [33, 38], leading to a wide set of observational consequences. Let
us consider the action for a pseudo-scalar inflaton φ, which is coupled to a certain
number N of Abelian gauge fields Aaµ (associated to U(1) gauge symmetries,6 i.e.
a = {1, 2, ...,N}) [28–31,33,38,40,62,63]:7
S =
∫
d4x
√
|g|
[
m2p
R
2
− 1
2
∂µφ ∂
µφ− V (φ)− 1
4
F aµνF
µν
a −
αa
4Λ
φF aµνF˜
µν
a
]
, (2.1)
where V (φ) is the inflaton potential, F aµν (F˜
µν
a ) are the (dual
8) field-strength tensors for
the gauge fields, Λ is a mass scale (that suppresses the higher-dimensional scalar-vector
coupling) and αa are the dimensionless coupling constants of the Abelian gauge fields.
In the following we consider αa = α for all a. Throughout this paper, the effective
mass scale Λ/α will take sub-Planckian values, as required for a reasonable effective
field theory. Typical values found e.g. in Ref. [40] for phenomenologically interesting
scenarios lie in the range Λ/α ' 0.01 − 0.03mp. However, we stress that contrary to
natural inflation models [64], we do not impose that this scale simultaneously sets the
scale of the scalar potential or of the field excursion during inflation. A discussion on
how Eq. (2.1) may arise in the context of field theory, supergravity or string theory is
provided in App. A.
2.1 Background dynamics
In order to describe the dynamics we can start by computing the background equations
of motion for the inflaton φ(t) and for the gauge fields Aaµ(t, x). Without loss of gen-
erality, we proceed by assuming φ > 0, V,φ(φ) > 0, φ˙ < 0, and we choose to describe
5For more details see for example [31,33,63].
6Alternatively, these may be associated with a SU(N ) symmetry in the weak coupling limit.
7The metric has signature (−,+,+,+) and mp ' 2.4 · 1018 GeV denotes the reduced Planck mass.
8The dual field-strength tensor is defined as F˜µνa ≡ F˜ aρσµνρσ/(2
√−g), where µνρσ is the Levi-
Civita tensor.
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the problem in the Coulomb gauge (Aa0 = 0, ∂
µAaµ(t, x) = 0). Under these assumptions
the equations of motion can be expressed as:
φ¨+ 3Hφ˙+
∂V
∂φ
=
α
2Λ
εµνρσ√|g| 〈∂µAν∂ρAσ〉 ≡ αΛ〈 ~Ea · ~Ba〉 , (2.2)
d2
dτ 2
~Aa − ~∇2 ~Aa − α
Λ
dφ
dτ
~∇× ~Aa = 0 , (2.3)
where dots are used to denote derivatives with respect to cosmic time t, primes are
used to denote derivatives with respect to τ (conformal time defined as dt ≡ a dτ), ~∇ is
the 3-dimensional flat space gradient operator, the brackets 〈·〉 denote a spatial mean
and the vectors ~Ea and ~Ba are the “electric” and “magnetic” fields associated with the
fields Aaµ(t, x) defined as:
~Ea ≡ − 1
a2
d ~Aa
dτ
= −1
a
d ~Aa
dt
, ~Ba ≡ 1
a2
~∇× ~Aa . (2.4)
In order to completely specify the dynamics we also have to compute the Friedmann
equation which can be expressed as:
3H2m2p =
1
2
φ˙2 + V (φ) +
1
2
〈 ~Ea 2 + ~Ba 2〉 . (2.5)
Clearly a general analytical solution for Eq. (2.2), Eq. (2.3), and Eq. (2.5) does not exist.
However, assuming φ˙ to be slowly varying (which is a reasonable assumption during
slow-roll inflation) we can find an analytical solution for Eq. (2.3). By substituting
this solution into Eq. (2.2) and Eq. (2.5) we can then study the back-reaction on the
system.
In order to solve Eq. (2.3) we start by performing a spatial Fourier transform and,
taking ~k to be parallel to the x-axis xˆ, expressing the gauge fields in terms of the two
helicity vectors9 as ~Aa = Aa+~e+ + A
a
−~e−, the equation of motion for the gauge fields
reads:
d2Aa±(τ,~k)
dτ 2
+
[
k2 ± 2 k ξ
τ
]
Aa±(τ,~k) = 0 , (2.6)
where we have introduced the parameter ξ defined as:
ξ ≡ α |φ˙|
2 ΛH
. (2.7)
9The two helicity vectors ~e± are defined as ~e± = (yˆ± izˆ)/
√
2. It is crucial to notice that using the
helicity vectors we get ~k × ~Aa = Aa±~k × ~e± = ∓iAa±|~k|~e±.
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Notice that Eq. (2.6) describes a tachyonic instability for the A+ mode. In particular
for the modes with (8 ξ)−1 . k/(aH) . 2 ξ, A+ can be expressed as [32,62,63]:
Aa+ '
1√
2 k
(
k
2 ξ aH
)1/4
epiξ−2
√
2ξk/(aH) , (2.8)
so that the terms 〈 ~Ea · ~Ba〉 and 〈 ~Ea 2 + ~Ba 2〉 appearing in Eq. (2.2) and in Eq. (2.5)
can be expressed as:10
〈 ~Ea · ~Ba〉 ' N · 2.4 · 10−4H
4
ξ4
e2piξ ,
1
2
〈 ~Ea 2 + ~Ba 2〉 ' N · 1.4 · 10−4H
4
ξ3
e2piξ . (2.9)
It is possible to show (see for example [63]) that while the back-reaction on the Fried-
mann equation is fairly negligible throughout the whole evolution, the back-reaction
on the equation of motion for the scalar field cannot be neglected in the last part of
the evolution. In particular this back-reaction introduces an additional friction term
that has an exponential dependence on ξ. As this parameter is proportional to φ˙, it
typically increases towards the end of inflation in single-field inflation models. Corre-
spondingly the new friction term may be negligible at CMB scales while significantly
slowing down the last part of the evolution. As explained in [40], this effect induces a
shift in the region of the potential that can be probed with CMB observations. It is
crucial to stress that the gauge fields are not changing the total number N ≡ − ∫ Hdt
of e-foldings (i.e. the CMB is still generated at NCMB ' 60 in the complete evolution)
but rather they slow down the increase of ξ ∼ |φ˙/H|.
2.2 Scalar and tensor power spectra
The gauge fields do not only affect the background dynamics but they also modify
the equation of motion for the perturbations. In particular they induce a source term
both for scalar and tensor perturbations leading to an exponential amplification of the
spectra at small scales.
Let us start by discussing the modified scalar power spectrum.11 As a first step we
express the inflaton field as φ(~x, t) = φ(t) + δφ(~x, t) and by solving the linearized
equation of motion for δφ(~x, t) (for details see [30–32,62,63]) we can express the scalar
10These expressions only hold for ξ & 1. For the correct expressions for small values of ξ see [62,65].
11More details on the derivation of these formulas are given in Sec. 3, where we also discuss the
generalization to a model where the inflaton is non-minimally coupled to gravity.
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power spectrum ∆2s(k) as [33,40]:
∆2s(k) = ∆
2
s(k)vac + ∆
2
s(k)gauge =
(
H2
2pi|φ˙|
)2
+
(
α〈 ~Ea · ~Ba〉/√N
3ΛbHφ˙
)2
, (2.10)
where we have defined b as:
b ≡ 1− 2 pi ξ α〈
~Ea · ~Ba〉
3ΛHφ˙
. (2.11)
As 〈 ~Ea · ~Ba〉 grows exponentially with ξ, the second term of Eq. (2.10) (i.e. the gauge-
field induced contribution) is typically negligible at CMB scales (where the stringent
CMB constraints essentially require ∆2s(k) ' ∆2s(k)vac) but may dominate over the
first term at small scales. In particular it is possible to show that in the gauge-field
dominated regime (i.e. typically in the last part of inflation) the spectrum is well ap-
proximated by [33,40]:
∆2s(k) '
1
N (2piξ)2 . (2.12)
Notice that in presence of several U(1)s the power spectrum is suppressed at small
scales. Moreover, the presence of the gauge fields leads to the generation of equilateral
non-Gaussianities [38]. As a consequence, the non-observation of non-Gaussianities at
CMB scales [61, 66] can be used to set constraints on these models. In particular, this
implies ξ|CMB . 2.5, where ξ|CMB is the value of ξ at CMB scales [31–33,38,63].
In order to compute the tensor spectrum ∆2t we start with the equation of motion for
the traceless transverse part of the metric perturbations hij(~x, t), given by the linearized
Einstein equation:12
d2hij
dτ 2
+ 2
d ln a
dτ
dhij
dτ
− ~∇2hij = 2
m2p
Πµνij Tµν , (2.13)
where Πijµν is the transverse, traceless projector and Tµν is the matter energy-momentum
tensor (which acts as a source for GWs). By solving this equation we obtain ∆2t,L and
∆2t,R, power spectra for the two polarizations
13 (L,R) of the GWs. The tensor power
spectrum ∆2t (given by the sum of the spectra for the two polarizations) can then be
expressed as:
ΩGW ≡ ΩR,0
24
∆2t '
1
12
ΩR,0
(
H
pimp
)2(
1 + 4.3 · 10−7N H
2
m2p ξ
6
e4piξ
)
, (2.14)
12For details on the derivation of this equation see [67].
13In order to decompose hij(~x, t) in terms of the two polarizations of the GW we can use the
projector Πij,L/R = ei,∓ej,∓.
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where ΩR,0 = 8.6 · 10−5 is used to denote the radiation energy density today. Similarly
to the case of the scalar power spectrum, the gauge-field sourced term (i.e. the second
term in the parenthesis on the r.h.s. of Eq. (2.14)) is typically negligible at CMB scales
and dominates over the first term at small scales (i.e. in the last part of inflation). It
is also crucial to stress that the second term in Eq. (2.14) is only sourced by one of the
two polarizations. As a consequence the GW signal that is generated during the last
part of the evolution is expected to be strongly chiral. Chirality is a peculiar feature for
a GW background and if detected14 it would point to the existence of a parity violating
source. In the framework of standard general relativity axion inflation is one of the
simplest models which implement this parity violation.
As in the context of direct GW observations it is customary to express quantities in
terms of the frequency f = k/(2pi), it is useful to introduce the relation between f and
the number of e-foldings N [31, 40]:
N = NCMB + ln
kCMB
0.002 Mpc−1
− 44.9− ln f
102 Hz
, (2.15)
where kCMB = 0.002 Mpc
−1 and NCMB ' 50 − 60. Following the convention used
throughout this work, the number of e-foldings N decreases during inflation, reaching
N = 0 at the end of inflation and we will set NCMB = 60.
3 Non-minimal coupling to gravity
In this section15 we generalize the analysis presented in Sec. 2 to the case where the
inflaton is non-minimally coupled to gravity. In general non-minimal couplings between
the inflaton and gravity may naturally arise in the context of supergravity and string
theory [41] or from radiative corrections in the framework of QFT in curved space-
time.16 Moreover, during the last years it was realized that the introduction of a non-
minimal coupling between the inflaton and gravity (in the Jordan frame) can provide a
mechanism to “flatten” the inflationary potential (in the Einstein frame) [42,44,50–59,
70] leading to predictions for the scalar spectral index ns and the tensor-to-scalar-ratio
r that lie right in the sweet spot of the constraints set by CMB observations [61]. For
14For details on methods to detect the chirality of GW background see [68].
15To ease the notation, in Secs. 3 and 4 we will work in Planck units, mp = 1, while reintroducing
mp in Sec. 5.
16For an introduction to the topic see for example [69].
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these reasons it is interesting to consider a generalization of the mechanism discussed
in Sec. 2 in order to take these models into account.
We start by considering the action for a pseudoscalar field φ non-minimally coupled to
gravity and coupled to an Abelian gauge field17 through the topological Chern-Simons
term,
S =
∫
d4x
√−gJ
[
Ω(φ)R
2
−X − VJ − g
µρ
J g
νσ
J
4
FµνFρσ − α
8Λ
εµνρσ√−gJ φFµνFρσ
]
, (3.1)
where εµνρσ is the Levi-Civita symbol, X ≡ gµνJ ∂µφ∂νφ/2, Fµν ≡ ∂µAν − ∂νAµ, α is the
coupling between the pseudoscalar and the gauge field, Λ is a mass scale that suppresses
the higher dimensional operator φFF˜ and Ω(φ) is function of φ that without loss of
generality can be expressed as:
Ω(φ) = 1 + ςf(φ) , (3.2)
where ς is a the dimensionless coupling constant and f(φ) is a generic function of φ.
The case discussed in Sec. 2 can be easily recovered by setting ς = 0.
The action of Eq. (3.1) corresponds to a Jordan frame formulation of the theory (ex-
plaining the subscript J). The Einstein frame formulation (where gravity is described
by a standard Einstein-Hilbert term) of the theory is found via a conformal transfor-
mation:
gJ µν → gµν = Ω(φ)gJ µν , (3.3)
so that the action reads:
S =
∫
d4x
√−g
[
R
2
−K(φ)X − VE − g
µρgνσ
4
FµνFρσ − α
4Λ
εµνρσ
2
√−g φFµνFρσ
]
, (3.4)
where VE ≡ VJ/Ω2(φ) and K(φ) is defined as:18
K(φ) ≡ Ω−1 + 3
2
(
d ln Ω
dφ
)2
. (3.5)
Note that the action shown in Eq. (3.4) is the action for a pseudoscalar field that
is minimally coupled to gravity but that has a non-standard kinetic term.19 As a
17The generalization to N Abelian gauge fields Aaµ is straight-forward. To ease the notation, we will
work with N = 1 here and re-introduce the parameter N only in the final expressions.
18In order to make expressions simpler sometimes we will write K instead of K(φ).
19Pseudoscalar theories from string theory compactifications typically exhibit a canonically coupling
to gravity, a coupling of the pseudoscalar to the topological term of a gauge theory as well as a non-
canonical kinetic term for the pseudoscalar. It is hence in the formulation in Eq. (3.4) that our model
may arise from string theory. For more details see appendix A.
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consequence the treatment carried out in the rest of this section is valid for both these
cases.
In the following we discuss the evolution of the system defined by the action of Eq. (3.4).
In particular we study both the evolution of the homogeneous background and of per-
turbations around this background. As a first step we start by computing the equation
of motion for the gauge field. For this purpose we take the variation of the action
(expressed in terms of conformal coordinates) with respect to Aν :
δS
δAν
= ∂µ
[
ηµρηνσ
2
(∂ρAσ − ∂σAρ)
]
+
α
4Λ
∂µ [φ ε
µνρσ (∂ρAσ − ∂σAρ)] = 0 , (3.6)
where ηµν is the Minkowski metric. At this point we can proceed by fixing the gauge. A
convenient gauge to describe the problem is Coulomb gauge, i.e. gµν∂µAν = 0, A0 = 0
so that the equation of motion reads:
ηνσ2Aσ − α
Λ
φ′ε0νρσ∂ρAσ = 0 , (3.7)
where 2 is the standard flat space d’Alembert operator 2 ≡ ηµν∂µ∂ν . As a consequence
we can write:
2 ~A− α
Λ
φ′ ~∇× ~A = 0 , (3.8)
where ~∇× is the usual curl operator and a prime is used to denote a derivative with
respect to τ . This equation matches with the Eq. (2.3) and thus the solution for the
gauge fields is exactly the same as in the case of a minimal coupling to gravity.
We can now consider the variation of the action (again in conformal time) with respect
to φ to get the equation of motion for the inflaton:
∂µ
(
ηµνK(φ)a2 ∂νφ
)− a4(∂VE
∂φ
(φ) +
α
4Λ
F µνF˜ µν
)
= 0 , (3.9)
which can be expressed as:
−K(φ)2φ− K,φ(φ)
2
ηµν ∂µ φ∂νφ+ 2aHK(φ)φ′ + a2 VE,φ(φ) + a2α
Λ
〈 ~E · ~B〉 = 0 , (3.10)
where ,φ is used to denote a derivative with respect to φ, primes are used to denote a
derivatives with respect to τ and H ≡ a′/a. At this point we can express φ as:
φ(τ, ~x) = φ0(τ) + δφ(τ, ~x) , (3.11)
where φ0(τ) is the (homogeneous) background solution and δφ(τ, ~x) is a small pertur-
bation. By substituting this parametrization into Eq. (3.10) it is easy to show that the
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equation of motion for the background field φ0 reads:
K(φ0)φ
′′
0 +
K,φ(φ0)
2
φ′ 20 + 2aHK(φ0)φ′0 + a2 VE,φ(φ0) + a2
α
Λ
〈 ~E · ~B〉 = 0 . (3.12)
Conversely, the linearized equation of motion for the perturbation reads:
δφ′′ − ~∇2δφ+ 1
2
d
dφ
(
d lnK
dφ
)
φ′ 20 δφ+
d lnK
dφ
φ′0δφ
′ + 2aHδφ′+
+ a2
d
dφ
(
VE,φ
K
)
δφ− a
2
K2
K,φ
α
Λ
〈 ~E · ~B〉δφ+ a
2
K
α
Λ
δ
(
〈 ~E · ~B〉
)
= 0 .
(3.13)
A detailed analysis on the evolution of the background and of the inflaton perturbation
is presented in Sec. 3.1 and in Sec. 3.2 respectively.
3.1 Background evolution
As a first step we express Eq. (3.12) in terms of cosmic time (dt = a dτ) and we divide
by K(φ0) to get:
φ¨0 +
1
2
d lnK
dφ0
φ˙20 + 3Hφ˙0 +
VE,φ0
K
+
α
ΛK
〈 ~E · ~B〉 = 0 . (3.14)
We can also express Friedmann equation as:
3H2 = K
φ˙20
2
+ VE +
1
2
〈 ~E2 + ~B2〉 . (3.15)
At this point we can solve Eq. (3.8) and plug the solution into Eq. (3.14) and Eq. (3.15)
to get:20
φ¨0 +
1
2
d lnK
dφ0
φ˙20 + 3Hφ˙0 +
VE,φ0
K
− 2.4 · 10−4 α
ΛK
H4
ξ4
e2piξ = 0 , (3.16)
3H2 = K
φ˙20
2
+ VE + 1.4 · 10−4H
4
ξ3
e2piξ , (3.17)
with the parameter ξ defined as in Eq. (2.7),
ξ ≡ α
2Λ
|φ˙0|
H
. (3.18)
20Notice that these expressions for 〈 ~E · ~B〉 and 〈 ~E2 + ~B2〉 only hold for sizable values for ξ (i.e. for
ξ & 1). Different expressions should be used for small values of ξ, see [62].
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Note that here φ0 is not the canonically normalized field. If the field φ0 is slow-rolling
these equations can be approximated as:
3Hφ˙0 +
VE,φ0
K
− 2.4 · 10−4 α
ΛK
H4
ξ4
e2piξ ' 0 , (3.19)
3H2 ' VE + 1.4 · 10−4H
4
ξ3
e2piξ , (3.20)
so that in the first part of the evolution (where ξ ' 1) we recover the usual slow-roll
equations:
φ˙0 ' − VE,φ0
3HK
, 3H2 ' VE . (3.21)
As in Sec. 2, the back-reaction of the gauge fields on the Friedmann equation (i.e.
Eq. (3.20)) is negligible throughout the whole evolution, but it may have a significant
impact on Eq. (3.19). As above, the 〈 ~E · ~B〉 term plays the role of a friction term which
grows exponentially with ξ. Notice that as long as the gauge field contribution is not
too strong we find for the first slow-roll parameter H ,
21
H ≡ − H˙
H2
' 1
2
K(φ0)
(
φ˙0
H
)2
∝ K(φ0)ξ2 , (3.22)
where we have used Eq. (3.21) and Eq. (3.18). As for a vast majority of slow-roll
inflationary models H grows during inflation,
22 for sufficiently large values of α/Λ we
expect a strong gauge field production that strongly affects the dynamics towards the
end of inflation. However, it is crucial to stress that in general ξ is not monotonically
increasing for all the slow-roll inflationary models. For example, if both H and K(φ0)
monotonically increase during inflation, their interplay may lead to a local maximum
in ξ, if the growth in K(φ0) dominates the growth of H at late times. Such a scenario
will be particularly relevant for the discussion of PBHs in Sec. 5.
3.2 Perturbations
In order to study the evolution of the inflaton perturbations we start by expressing the
δ
(
〈 ~E · ~B〉
)
term appearing in Eq. (3.13) in a convenient form. In particular following
the treatment of [62] we proceed by using:
δ
(
〈 ~E · ~B〉
)
= [ ~E · ~B−〈 ~E · ~B〉]δφ=0 + ∂〈
~E · ~B〉
∂φ˙0
δφ′
a
≡ δ ~E· ~B −
( piα
ΛH
)
〈 ~E · ~B〉 δφ
′
a
. (3.23)
21As long as the back-reaction of the gauge fields is negligible, this definition is equivalent to the
more commonly used ‘potential’ slow-roll parameter, H ' V = m2p(V ′(φ)/V )2/(2K).
22In particular this happens for all the models considered in Sec. 4 (see Fig. 4.1).
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We can thus proceed by substituting this expression into Eq. (3.13) (expressed in terms
of cosmic time) to get:
δ¨φ−
~∇2
a2
δφ+
1
2
d
dφ0
(
d lnK
dφ0
)
φ˙20δφ+
d lnK
dφ0
φ˙0 ˙δφ+ 3H ˙δφ+
d
dφ0
(
VE,φ0
K
)
δφ
− 1
K
d lnK
dφ0
α
Λ
〈 ~E · ~B〉δφ+ 1
K
α
Λ
[
δ ~E· ~B −
( piα
ΛH
)
〈 ~E · ~B〉 ˙δφ
]
= 0 .
(3.24)
Let us start by discussing the regime where the gauge field contribution is negligible
before we proceed by considering the strong gauge field regime. If the gauge field con-
tribution is negligible the scalar power spectrum ∆2s(k) is simply given by the standard
vacuum amplitude:
∆2s(k)
∣∣
vac
' 1
8pi2
H2
cs H
, (3.25)
where H is the first (Hubble) slow-roll parameter defined in Eq. (3.22) and cs is the
speed of sound that for all the models considered in this work is equal to one. Using
Eq. (3.21) it is easy to show that the vacuum amplitude can be expressed as
∆2s(k)
∣∣
vac
' KV
12 pi2
(
d lnVE
dφ0
)−2
. (3.26)
Conversely, in the strong gauge field regime the gauge-field induced contributions (i.e.
the terms proportional to 〈 ~E · ~B〉) are large. At this point we can neglect all the higher
order terms in the slow-roll parameters as well as all the terms that are not exponentially
enhanced23 and the scalar power spectrum in the strong gauge field regime can be
expressed as:
∆2s(k)
∣∣
gauge
'
(
α〈 ~Ea · ~Ba〉/√N
3 bΛ φ˙0HK
)2
, (3.27)
where we have defined:
b ≡ 1− pi
(α
Λ
)2 〈 ~Ea · ~Ba〉
3H2K
, (3.28)
and we have generalized the result to the case where N Abelian gauge fields are coupled
to the inflaton. Finally we can use both Eq. (3.26) and Eq. (3.27) to get the complete
expression for the scalar power spectrum:
∆2s(k) '
1
K
(
H2
2pi|φ˙0|
)2
+
(
α〈 ~Ea · ~Ba〉/√N
3 bΛ φ˙0HK
)2
. (3.29)
23For more details on the derivation of this formula and for consistency checks see appendix B.
13
In the regime where the gauge fields dominate the evolution we can approximate b by
simply neglecting the constant term (i.e. the first term in Eq. (3.28)). One can then
easily show that:
∆2s(k)
∣∣
gauge
' 1
4pi2ξ2N , (3.30)
which corresponds (at least in form) to the expression given in Eq. (2.12). There are
some conceptual (and indeed physical) differences that must be pointed out:
• While Eq. (2.12) is expressed in terms of a canonically normalized field, Eq. (3.30)
is expressed in terms of the non-canonically normalized field. As a consequence,
in order to match the two equations we should express the dynamics in terms
of a canonically normalized field ϕ defined as (dϕ/dφ0)
2 ≡ K(φ0). Using this
definition Eq. (3.30) can be turned into:
∆2s(k)
∣∣
gauge
' K(φ0)
4pi2N ξ˜2 ∝
K
H
, (3.31)
where ξ˜ ≡ α|ϕ˙|/(2ΛH). The difference between Eq. (3.31) and Eq. (2.12) is now
obvious: in terms of the canonical field ϕ in the Einstein frame, the introduction
of a non-minimal coupling to gravity implies that the coupling to the gauge fields
is altered as ϕ˙ 7→ ϕ˙/√K and hence all effects sourced by the gauge fields are
suppressed as K is increased. This can be traced back to the choice of coupling
the Chern-Simons term to the canonically normalized field φ0 in Jordan frame in
Eq. (3.1).
• In the minimally coupled case with monotonically increasing H , Eq. (2.12) holds
from some critical value until the end of inflation. Now, if K(φ0) strongly in-
creases towards the end of inflation, a monotonic growth of H no longer implies
a monotonic growth of ξ ∝ √H/K(φ0), see Eq. (3.22). Consequently, ξ can
be strongly suppressed towards the end of inflation, shutting off the tachyonic
instability for the gauge fields. In particular after the usual nearly scale invariant
power spectrum of slow-roll inflation at CMB scales and the following gauge-field
induced increase, we can achieve another regime with b ' 1 and thus ∆2s(k) is
much smaller than the prediction of Eq. (3.30).24 In this setup, the scalar power
spectrum thus features a bump. As discussed in [17] such a particular shape for
24Note that Eq. (3.30) only holds for b  1. For b ' 1, a reduction in ξ leads to an (exponential)
reduction in the scalar power spectrum.
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the spectrum can be extremely interesting for the generation of PBHs. A detailed
discussion of this topic is carried out in Sec. 5.
• The analysis performed here is complementary to the proposal of Ref. [26], where
a bump in the scalar spectrum (and hence in the PBH spectrum) is achieved based
on the action (2.1). Instead of introducing a non-minimal coupling to gravity as
we do here, they instead modify the scalar potential so that the velocity of the
inflaton (and hence the parameter ξ) is reduced in the last stages of inflation.
On the contrary, after a conformal transformation to the Einstein frame and
a canonical normalization of the inflaton field, our scalar potential is essentially
featureless. The non-trivial evolution of ξ in this frame is sourced by the coupling
between the inflaton and gauge fields.
Before concluding this section briefly discuss the spectrum ∆2t of GWs that are gen-
erated in these generalized models of inflation. In order to compute the shape of the
spectrum we start once again by considering the linearized Einstein equation. In par-
ticular, it can be expressed as in Eq. (2.13), where Tµν only depends on the gauge
fields.25 Moreover, as
√−gJ gµρJ gνσJ FµνFρσ =
√−g gµρgνσFµνFρσ , (3.32)
the source term for GWs is not affected by the presence of a non-minimal coupling
between the inflaton and gravity. As a consequence the spectrum of GWs is once
again given by Eq. (2.14). However, it is crucial to stress that while the expression of
the spectrum has exactly the dependence on ξ as in Sec. 2, the evolution of ξ is now
expected to be different and thus (consistently with the examples shown in Sec. 4) we
expect the spectrum to be different.
4 An example: attractor models
In general all the single field models of inflation can be described by an Einstein frame
Lagrangian that is similar to the one shown in Eq. (3.4) i.e. by:
S =
∫
d4x
√−g
[
R
2
−K(φ)X − VE(φ)
]
. (4.1)
25Notice that
√−gφFµν F˜µν does not depend on gµν and hij∂iφ∂jφ = 0 at first order.
15
A particular case are the so-called T-models [43, 44, 49, 71–74] which lead to the class
of α-attractors. T-models are described by the action of Eq. (4.1) with:
K(φ) =
(
1− φ
2
6α
)−2
, VE(φ) =
m2φ2
2
. (4.2)
Other interesting examples are the case of Higgs inflation introduce by Bezrukov and
Shaposhnikov [42,70] and its generalization. in terms of the so-called attractor at strong
coupling [44]:
K(φ) =
1 + ςh(φ) + 3/2 ς2h2,φ(φ)
(1 + ςh(φ))2
, VE(φ) = λ
4 h
2(φ)
(1 + ςh(φ))2
, (4.3)
where λ is a mass scale (that fixes the normalization of the inflationary potential) and
h(φ) is a generic function26 of φ.
Over the last years these models have received a lot of attention because they predict
values of ns and r that are in good agreement with the values that are favored by
Planck data [61,75]. In the case of T-models we have:
ns − 1 = − 2
N
, r =
12α
N2
, (4.4)
and in the case of the attractor at strong coupling (i.e. ς  1):
ns − 1 = − 2
N
, r =
12
N2
. (4.5)
We can immediately notice that, for both these models:27
H ' O(1)
N2
. (4.6)
Interestingly, using the classification of inflation models [76–78] based on first slow-roll
parameter H :
H ' βp
Np
+O(1/Np+1) , (4.7)
all these models fall in the same universality class (i.e. the Starobinsky-like class28 with
p = 2). As shown in [40], in the context of higher-dimensional couplings with Abelian
26Higgs inflation corresponds to h(φ) = φ2.
27However, it is crucial to stress that these expressions for ns− 1 and r only hold for large values of
N . This will be particularly relevant for the possibility of observing the GW spectrum generated by
these models.
28The wording ‘Starobinsky-like’ refers here to a class of models characterized by a scalar potential
which asymptotes to an exponentially flat plateau. The original Starobinsky model [79] is constructed
from the Ricci-scalar which is not a pseudoscalar quantity.
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Figure 4.1: Left panel: Profile of the inflationary potential (4.8) normalized to its value at the end
of inflation, V (φf), as a function of the field excursion φ − φf for different values of the non-minimal
coupling ς to gravity. Dots are used to denote the points that corresponds to N = 60 in the case with
α/Λ = 0. Right panel: Evolution of the parameter ξ governing the effects of the gauge fields as a
function of the number of e-folds N (right plot).
gauge fields this happens to be the most promising scenario from the point of view
of possible observational signatures. As a consequence it seems interesting apply the
framework developed in Sec. 3 to this class of models.
In order to study the effect of non-minimal couplings on the dynamics and on the scalar
and tensor power spectra, we focus on the family of models defined by Eq. (4.3). As a
first example, let us consider models with h(φ) = φ so that:
K(φ) =
1 + ςφ+ 3/2 ς2
(1 + ςφ)2
, VE(φ) = λ
4 φ
2
(1 + ςφ)2
. (4.8)
Notice that for ς = 0 this model simply reduces to the case of chaotic inflation with
V (φ) = 1
2
m2φ2 i.e. it corresponds to the p = 1 class of [40]. By increasing the value of ς
we progressively flatten the potential, see left panel of Fig. 4.1.29 This clearly induces
a strong modification on the evolution of the inflaton field. In particular, the field
excursion during inflation is decreased as ς increases and the evolution of ξ is altered
compared to the minimally coupled case (see right panel of Fig. 4.1). Notice that for
increasing values of ς the growth of ξ (as a function of N) becomes slower. In particular
the suppression of ξ over a wide range of e-folds leads to a strong suppression in both
the scalar and tensor power spectra.
29For all the models shown in this plot the constant λ is fixed in order to respect the observed
normalization of the scalar spectrum (according to [61]) at CMB scales. In particular this can be
noticed by looking at the plot of Fig. 4.3, where we show the scalar spectra associated with all the
different models discussed in this section.
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Figure 4.2: Power spectrum of tensor perturbations for all the models of Fig. 4.1 (dashed lines corre-
sponds to models with N = 10). We are also showing the sensitivity curves for (from left to right):
milli-second pulsar timing, LISA, advanced LIGO. Current bounds are denoted by solid lines, expected
sensitivities of upcoming experiments by dashed lines. See main text for details on these curves.
As described in Sec. 3, the changes in the tensor spectrum are simply due to the
different evolution of ξ. In particular, as for increasing values of ς the growth of ξ
becomes slower over a broad range of N -values, we expect the GW spectrum (which is
exponentially sensitive to ξ) to be strongly suppressed. This effect is clearly visible in
Fig. 4.2 where we compare the GW spectra for the models of Fig 4.1 with the sensitivity
curves of some current (solid lines) and upcoming (dashed lines) direct GW detectors.
For the millisecond pulsar timing arrays covering frequencies around 10−10 Hz, we
show the constraint depicted in Ref. [80], the update from EPTA [81] and the expected
sensitivity of SKA [82]. The laser interferometer space antenna (LISA) [2] is a future
mission designed to probe the mHz range [39,83,84], where as ground-based detectors
are sensitive at a few 10 Hz (LIGO/VIRGO [85]). It is interesting to notice that for
ς ∼ 1 the spectrum is marginally detectable (for N = 10) by LISA but not by advanced
LIGO. For larger values of ς the suppression of the spectrum is so strong that the signal
is well below the expected sensitivities of upcoming GW detectors.
In Fig. 4.3 we show the scalar power spectrum (corresponding to Eq. (3.29)) for all
the models shown in the previous plots. Notice that, in order to respect the COBE
normalization (that sets the amplitude of the spectrum at CMB scales) all the spectra
meet at the same value for N ' 60. Moreover, it is worth mentioning that all the
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Figure 4.3: Scalar power spectrum for all the models of Fig. 4.1 (dashed lines corresponds to models
with N = 10). The lower horizontal line denotes the observed normalization at CMB scales (according
to [61]) and the upper horizontal line is the estimate of [33] for the PBH bound. More details on this
bound on the generation of PBHs are reported in Sec. 5.
models shown in this section are in agreement30 with the constraints set by Planck
on ns and r and on the generation of primordial non-Gaussianities.
31 Interestingly,
for none of the models shown in this plot the spectrum features a peak. This can be
explained by considering the expression of K(φ) in terms of N . While for ς  1 K(φ)
is essentially constant, for sizable values of ς we have K(φ) ∝ 1/(ςN)2 to leading order
in N . By numerically solving the evolution it is possible to show that K(φ) becomes
large only for N ' 2÷4 depending on the model, and the suppression of ξ is not strong
enough to disrupt its monotonic growth before the end of inflation. As a consequence,
in order for the spectrum to feature a peak, we require a strong growth of K(φ) at
sufficiently large values of N . Such a behavior can be achieved by considering different
parameterizations for h(φ).
As discussed in Ref. [40], the scalar and tensor spectra in axion inflation can be well
understood in terms of universality classes of inflation [76–78], categorized by the scaling
of H(N) in the regime where the back-reaction of the gauge fields is weak. This is
immediately understood (for a minimal coupling to gravity) since the growth of both
the scalar and tensor spectrum is driven by ξ ∝ √H . However, when a non-minimal
30Except for the model with ς = 0.01, for which the predicted value of r is marginally excluded by
Planck [61] at 95% CL.
31 This can directly be checked from Fig. 4.1, ξ|CMB . 2.5.
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coupling is considered, the instability is controlled by ξ ∝ √H/K (see Eq. (3.22)).
Whereas the examples depicted so far correspond to H/K ∝ 1/Np with p . 1 [78],32
different behaviors can be achieved. In particular here, in order to obtain a scalar
spectrum which rises at larger values of N (i.e. at an earlier stage during inflation) we
require a quicker increase of H(N), with decreasing N . At the same time, in order to
obtain a suppression of ξ which leads to the appearance of a bump in the spectra, we
also require the kinetic function K(N) to become sizable at sufficiently large values of
N . A simple example of this type can obtained by choosing:
h(φ) = (1− 1/φ) , VE(φ) = λ4 (φ− 1)
2
(φ+ ς(φ− 1))2 , (4.9)
which for a vanishing non-minimal coupling and a vanishing coupling to gauge fields
(ς = 0, α = 0) leads to H ∝ 1/N4/3 while the kinetic function K(N) interpolates from
an approximately constant behaviorw at large N to K(N) ∝ e−N at small N . We will
also return to models of this type when discussing PBH dark matter.
In Fig. 4.4 we depict the evolution of the parameter ξ for some representative models
of the class defined by Eq. (4.9). As before, the normalization of the scalar potential is
fixed by the COBE normalization that fixes the amplitude of the scalar power spectrum
at CMB scales and we ensure agreement with all CMB constraints. The remaining
parameters are chosen to obtain sizable gauge-field induced effects while conveying
an idea of the possible parameter space. We clearly see the peaked features around
N ' 20−40 in all spectra with a significant value of the non-minimal coupling ς, which
translates into a broad peak in the scalar and tensor spectra, depicted in Fig. 4.5. For
increasing values of α/Λ and ς the bump in the spectra shifts to larger values of N
i.e. to larger scales. This is consistent with the physical intuition: For larger values of
α/Λ the increase in the spectrum arises earlier (see also [40]), for larger values of ς the
subsequent suppression due to the non-canonically normalized kinetic term takes effect
at earlier times. Moreover, increasing ς we reduce the field excursion during inflation,
leading to a suppression of ξ over a broad range of N -values. As a consequence (and
32While it is easy to see that p = 1 for ς = 0 (see [78]), this statement may seem surprising for
ς 6= 1, when the scalar potential asymptotically approaches the exponentially flat Starobinsky-like
potential (that for a minimal coupling is characterized by H ∝ 1/N2 [78]). This subtlety arises due
to the coupling of the gauge fields to the canonically normalized inflaton field of the Jordan frame.
By considering the expression of K(φ) given in Eq. (4.3) and using the definition N ≡ ∫ √K/2H dφ,
one finds that ξ ∝√H/K is in fact independent of N at small values of N (ignoring here a possible
black-reaction of the gauge-fields).
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Figure 4.4: Evolution of ξ as a function of N for models based on Eq. (4.9). The model parameters
are chosen to obey CMB and PBH constraints, see main text for details. In particular, the depicted
curves are obtained for couplings to the gauge-fields of α/Λ ' {97, 63, 71, 74} (for increasing value of
the non-minimal coupling to gravity ς, respectively).
indeed consistently with Fig. 4.2 and Fig. 4.3), increasing the non-minimal coupling ς
we note a suppression both in the scalar and tensor power spectra. For ς ' 63 and 71
the signal is below the predicted sensitivity of LISA by roughly an order of magnitude.
Finally, we point out that the peaks in the scalar spectrum of Fig. 4.5 correspond to
values of ξ . 4.6. Contrary to the case of minimal coupling, we do hence not enter
into the regime ξ & 4.8 where perturbativity breaks down [86] and where significant
uncertainties become attached to the predictions for the scalar spectrum.
Let us conclude this section by summarizing the key feature of K(φ) and V (φ) which
allow for the appearance of a peak in the spectra within the last 60 e-folds. A first
requirement is that the instability occurs at sufficiently large values of N . This can be
rephrased as the requirement that ξ ∝ √H/K grows sufficiently fast with decreasing
N for large values of N . After this first regime, we need the effects of the non-canonical
kinetic term to become important. Concretely, in order to observe a bump in the spectra
we require a rapid increase in K(φ) at a sufficiently large value of N (for example at
N ' 20). As the growth of K(φ) turns into a suppression of ξ, this mechanism shuts
off the instability, leading to the appearance of a bump both in the scalar and tensor
power spectra. To illustrate this we chose to study two example models as defined by
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Figure 4.5: Scalar and tensor spectrum for models based on Eq. (4.9) with model parameters and
color-coding as in Fig. 4.4. The experimental constraints (in grey) are as in Fig. 4.2 and Fig. 4.3,
respectively.
Eq. (4.3) and Eq. (4.9). However, one can also perform a more model-independent
analysis. In particular, we can make predictions for the scalar and tensor spectra by
directly parameterizing K and H as functions of N :
H ' β
(1 +N)α
, K ' 1 + γ
N δ
. (4.10)
Note that one can always reconstruct the expressions for VE(φ) and K(φ) by expressing
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N as a function of φ. Hence, in case of a detection of peaks in the scalar and tensor
spectra one could determine the corresponding expressions for VE(φ) and K(φ).
5 Primordial black holes
5.1 A quick review of PBH formation
The models discussed in the previous sections generically lead to a strong enhancement
of the scalar power spectrum at small scales. If the scalar fluctuations are sufficiently
large, this leads to the formation of PBHs in the subsequent evolution of the universe.
Here we briefly review the resulting PBH distribution following Ref. [13], collecting the
relevant tools to apply this formalism to our discussion.
Primordial scalar fluctuations with a power spectrum P (ζ) form PBHs upon re-entry
into the horizon if ζ > ζc. The mass M of the resulting black hole can be estimated to
be determined by the mass MH contained in the horizon at the time of horizon re-entry
tN ,
M(N) = γMH ' γ
4pim2p
Hinf
ejN ' 55 g γ
(
10−6mp
Hinf
)
ejN , (5.1)
with N counting the number of e-folds from the end of inflation when the fluctuations
in question exited the horizon, Hinf denoting the Hubble parameter at this time and j
parameterizing if the equation of state between the end of inflation and the re-entry of
the fluctuation was mainly matter dominated (j = 3) or radiation dominated (j = 2).
In the setup of Sec. 2 we expect reheating to be efficient due to the inflaton gauge field
coupling. In the following we will thus work with j = 2. Finally, γ is a numerical
factor depending on the details of the gravitational collapse. Following [6, 87] we will
use γ = 0.4.
The fraction of the energy density of the universe which collapses into PBHs at any
given time tN is given by
β(N) =
∫ ∞
ζc
M(N)
MH(N)
PN(ζ) dζ =
∫ ∞
ζc
γ PN(ζ) dζ . (5.2)
Here PN(ζ) denotes the probability distribution of fluctuations sourced at N e-folds
before the end of inflation. In our case, the fluctuations are characterized by a strong
equilateral non-Gaussianity [38], and can in particular be expressed as ζ = g2 − 〈g2〉
with g ∝ ( ~E · ~B)1/2 following a Gaussian distribution (see Eq. B.3) [33]. For such a
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positive χ-squared form of non-Gaussianities, the probability distribution is given by
(see e.g. [88–90]):
PN(ζ) =
exp
(
− ζ+σ2N
2σ2N
)
√
2piσ2N(ζ + σ
2
N)
, (5.3)
with σ2N = (∆
2
s(N))
1/2 and
∫∞
−σ2N
PN(ζ) dζ = 1. Since Eq. (5.1) provides a unique rela-
tion between the time of formation tN and the mass of the PBH M , we can equivalently
express the fraction β(N) dN of the universe collapsing in the time interval [tN , tN+dN [
as a function of the PBH mass M :
β(N) dN = β(M)
dN
dM
dM =
β(M)
2M
dM . (5.4)
We stress that β denotes the fraction of the universe collapsing into PBHs at the
respective time of formation. Within the ΛCDM model, we can translate this to the
fraction of the energy density in the Universe at some later time. Ignoring the decay of
PBHs for the moment (we will return to this point below) and assuming an adiabatically
expanding universe, the ratio of the number density of PBHs nPBH(t) and the entropy
s(t) is constant. We can hence relate the function β(M) to the number density of PBHs
at any later time t as [13]:
β(M) =
MnPBH(tN)
ρ(tN)
=
4M nPBH(t)
3T (tN) s(t)
, (5.5)
with ρ(tN) = 3/4T (tN) s(tN) denoting the energy density of the Universe, assuming
that the universe is dominated by radiation at tN . The temperature T (tN) is related to
H(tN) = Hinf exp(−2N) through the Friedmann equation. Substituting Hinf exp(−2N)
into Eq. (5.1), we find that the fraction of dark matter today formed by PBHs is
f(M) =
MnPBH(t0)
ΩCDM ρc
'
' 4.1 · 108 γ1/2
(
g∗(tN)
106.75
)−1/4(
h
0.68
)−2(
M
M
)−1/2
β(M) , (5.6)
where we have inserted ρc = 3H
2
0m
2
p with H0 = h 100 (km/s)/Mpc for the critical
density and ΩCDM ' 0.21 for the dark matter fraction today. In the following, we will
set h = 0.68 and g∗(tN) = 106.75. PBHs with masses below MPBH < M∗ ' 5 · 1014 g
have a life time shorter than the current age of the universe and would have evaporated
through Hawking radiation by now.33 The interpretation of f(M) as the fraction of
33The numerical value M∗ might be enhanced when taking into account accretion and merger pro-
cesses in the matter dominated regime which stabilize light PBHs, see App. C.
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dark matter hence only applies for M > M∗, for smaller values of M the ratio f(M)
may simply be seen as a convenient way of parameterizing the initial PBH abundance
β(M).
The production of PBHs is subject to various constraints, see Ref. [13] for an overview
and Ref. [6] for updated bounds on the mass range M > M∗, which will be the range
most relevant for us here. As pointed out in Ref. [6], applying these bounds to an
extended mass function requires some care. Essentially, a flat constraint fmax in a
certain mass range implies that the total amount of PBHs in this mass range may
not exceed the value fmax. A general constraint can then be treated as a sequence of
approximately flat constraints. Here we follow the procedure suggested there, requiring∫ M2
M1
dM
2M
f(M) < f [M1,M2]max , (5.7)
with the constraints fmax taken from Tab. 1 of Ref. [6] and f
[M1,M2]
max denoting the weakest
constraint in the mass range [M1,M2]. Here we vary the integration boundaries M1,2
so that all relevant mass intervals are covered. We have used Eq. (5.4) to obtain a
dimensionless integrand in Eq. (5.7).
We note that the PBH formation as sketched above is subject to theoretical uncertain-
ties, in particular concerning the effects of critical collapse, non-spherical properties
of the primordial fluctuations and late time accretion and mergers. We discuss these
issues in more detail in App. C. The upshot is that these uncertainties are to large
degree degenerate with our model parameters, and hence will not change the overall
picture presented here.
5.2 PBHs in models with non-minimal coupling to gravity
In Fig. 5.1 we depict two typical results for f(M) for the first model discussed in
Sec. 4, characterized by a non-minimal coupling to gravity through h(φ) = φ. The
parameters34 α/Λ, m, ς and N are chosen to meet the following conditions: (i) the
amplitude and spectral tilt of the scalar spectrum at the CMB scales match the observed
values, (ii) the effect of the gauge field contribution is maximized while respecting
the CMB non-Gaussianity bounds and (iii) the PBH abundance is maximized while
respecting the depicted PBH bounds. Moreover, the orange curve corresponds to the
situation which roughly maximizes the contribution to PBH dark matter in this setup.
34Here m2 = 2λ4 in Eq. (4.3).
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Figure 5.1: Would-be fraction of PBH dark matter, compared to the constraints in Ref. [6, 13] for
models based on Eq. (4.8). The parameters of these curves are chosen to maximize the PBH contribu-
tion while obeying the depicted PBH bounds as well as the CMB constraints. Note that the quantity
f(M) corresponds to the fraction of dark matter today only for M > M∗ ' 5 · 1014 g.
The parameter values for the depicted curves are m = 7.6 · 10−5mp, α/Λ = 43.2 for
the ς = 5 example and m = 5.4 · 10−5mp, α/Λ = 37 for the ς = 3 example. The
resulting mass functions increase towards low PBH masses at M M∗, hence only the
high-mass tails of these distributions can contribute to PBH dark matter today. The
strongest constraints close to the dark matter threshold come from evaporating PBH
around M ∼M∗, which leave traces in the anisotropies of the CMB and in the (extra-)
galactic photon background (see [13] for details), which imply β(M) . 10−28 in this
mass range. For the depicted examples, we find for the scalar spectral index ns, the
tensor-to scalar ratio r and the fraction of PBH dark matter ftot,
ς = 5 : ns = 0.98 , r = 1 · 10−3 , ftot ≈ 0 , (5.8)
ς = 3 : ns = 0.97 , r = 5 · 10−3 , ftot = 3 · 10−23 . (5.9)
To obtain a mass distribution peaked at heavier PBHs, we need to modify the func-
tional dependence of the non-minimal coupling, h(φ). In particular we require a scalar
spectrum which rises at larger values of N , i.e. at an earlier stage during inflation. As
discussed in Sec. 4, this can be realized by considering for example h(φ) = 1− 1/φ. In
this case, for sufficiently large values of ς the scalar spectrum features a peak at large
scales (see Fig. 4.5) that can suitably induce the generation of a distribution of PBHs.
The exact position and the shape of the peak are controlled by the parameters α/Λ
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Figure 5.2: Fraction of energy in PBH at time of formation, compared to the constraints in Ref. [6],
for models based on Eq. (4.9). Model parameters and color coding as in Fig. 4.4. Compatibility with
the depicted constraints is confirmed using Eq. (5.7).
and ς. In particular, increasing the value of ς moves the peak towards larger values
of N (see also Fig. 4.5) and suppresses the amplitude, whereas increasing the value
of α/Λ enhances the spectrum while also shifting the peak towards larger values of N
(see e.g. [40]). Since both parameters also impact the CMB observables, the depicted
curves roughly demonstrate the range of possibilities for this choice of h(φ).
For the examples shown in the plot of Fig. 5.2 we have:
ς = 45.7, α/Λ ' 63 : ns = 0.963 , r = 3.2 · 10−4 , (5.10)
ς = 55, α/Λ ' 71 : ns = 0.957 , r = 3.3 · 10−4 , (5.11)
ς = 65.5, α/Λ ' 74 : ns = 0.958 , r = 7.4 · 10−4 . (5.12)
For reference, we also show the result for a negligible non-minimal coupling (purple
curve). The bumps in the spectra for the three models shown in Fig. 5.2 lead to the
generation of PBH distributions peaked around M ∼ 1020, 1025 and 1031 g, respectively,
thus in all three cases the entire PBH population contributes to dark matter today. In
all cases we restrict ourselves to a single gauge field, N = 1. As in Fig. 5.1, the model
parameters for these benchmark points have been chosen in order to maximize the PBH
contribution while obeying all relevant bounds. The reduced amplitude for the ς = 65.5
example is due CMB constraints which become more relevant as α/Λ is increased.
In this mass range, the strongest constraints come from neutron star capture [91] as
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well as from micro lensing constraints from the Kepler, MACHO, EROS and OGLE
experiments [92–94]. In particular, the micro lensing constraints restrict the total
amount of PBHs to be less than 4% to 30% in their respective mass ranges, whereas
the neutron star capture constraint requires the total amount of PBHs to be less than
6% for 1018 g . M . 1024 g. This last constraint (shown as a dashed curve in
Fig. 5.2) has been disputed, as it relies on assumptions about the dark matter content
in globular clusters [6]. For the pink curve in Fig. 5.2 we thus choose to omit this
constraint, demonstrating that in this case PBHs can account for all of dark matter.35
Of course, if new results confirm this bound, the fraction of PBH dark matter in this
mass range must be less than the 6% mentioned above.
The total fraction of PBH dark matter today is given by
ftot =
ΩPBH
ΩCDM
=
∫ ∞
M∗
dM
2M
f(M) , (5.13)
where in practice we need to integrate only over the strongly enhanced part of the
scalar spectrum, as it is well-known that the contribution from the spectrum at CMB
scales (where the amplitude is fixed by CMB observations) is completely negligible.36
For example, for the curves in Fig. 5.2 we find
f ς=45.7tot = 98.6%, f
ς=55
tot = 39.4%, f
ς=65.5
tot = 1.2 · 10−4 % . (5.14)
In summary, while for the h(φ) = φ case the contribution to dark matter is completely
negligible, PBHs can contribute a very significant fraction of dark matter for h(φ) =
1− 1/φ in this setup.
5.3 Searching for PBHs with GW interferometers
PBHs can form binary objects which source GWs similar to the event observed by
LIGO [1]. In this subsection, we address the question if these GWs may be observable in
future GW interferometers, see also [9]. We will normalize the results of this subsection
35Upon finalizing this paper, we became aware of the very recent microlensing constraint from the
Subaru Hyper Suprime-Cam [95], which sets strong constraints on most of this window, leaving only a
narrow slice around M ' 1020 g for a significant PBH contribution to dark matter in this mass range.
36Strictly speaking, our analysis here applies only to PBH formed in the radiation dominated regime,
i.e. for M < M(Neq) with Neq ' NCMB− 1.2 labeling the primordial fluctuations entering the horizon
at matter-radiation equality. However as these scales are strongly constrained by the CMB, we do not
need to worry about this subtlety.
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to M = M = 1.99 · 1033 g, which roughly corresponds to the brown curve in Fig. 5.2
after taking into account the mass increase of the PBH during the matter dominated
phase due to accretion and mergers (see App. C).
Let us first consider GW signal from inspiraling PBHs (see e.g. [67]). Comparing the
orbital distance of two (point-like) objects rotating with frequency ω,
Rorb =
(
GMsys/ω
2
)1/3
, (5.15)
where G = 6.67 · 10−11m3/(kg s2) and Msys is the sum of the two masses, to the sum of
the Schwarzschild radii,
Rschw = GMsys/c
2 , (5.16)
we find for the peak frequency of the GW signal of a black hole binary, f = ω/pi,
fmax ∼ 6.4 · 104 Hz
(
2 ·M
Msys
)
. (5.17)
For comparison, the frequency band of LIGO extends to about few times 103 Hz. In the
early inspiral phase, the system will emit GWs at lower frequencies, thus potentially
‘crossing’ the LIGO frequency band as the system approaches coalescence. The time τ
between when signal is at the LIGO peak sensitivity of f ∼ 100 Hz and coalescence is
given by
τ = 3 s
(
M
Mc
)5/3(
100 Hz
f
)8/3
, (5.18)
where Mc is the so-called chirp mass, M
5
c = (M1M2)
3/(M1 + M2), constructed from
the masses of the two individual BHs. The amplitude of the emitted GWs, detected at
a distance r from the source is given by
h ' 4
r
(
GMc
c2
)5/3(
pif
c
)2/3
. (5.19)
Comparing this to the strain sensitivity of advanced LIGO, h ' 10−24/√Hz [96], we
find that assuming a bandwidth of 10 Hz, a signal originating from a binary BH system
can be detected if a source is within
r = 8.0 · 102 Mpc
(
Mc
M
)5/3(
f
100 Hz
)2/3
(5.20)
of the detector. For comparison, the size of the Milky Way is about 30 - 55 kpc and
the size of the Virgo super cluster is about 33 Mpc. This has to be compared to the
expected rate of BH mergers, which has been estimated to be [3–5]
Γ = 10−8 ftot δlocPBH yr
−1 Gpc−3 . (5.21)
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Here δlocPBH denotes the local PBH density contrast, where δ
loc
PBH = 1 yields the expected
merger rate if PBH are distributed uniformly throughout the universe. Clustering of
PBHs into sub-halos may however increase the value to δlocPBH ∼ 107 − 109 [4], dramati-
cally enhancing the prospects for detection. Note that Eq. (5.21) is independent of the
PBH mass, which drops out when combining the dark matter number density and the
BH - BH capture cross section (see e.g. [3]). Hence for M ∼ M and ftot = O(0.1)
one might indeed expect a handful of these events per year at f = 102 Hz, baring in
mind the huge uncertainty in δlocPBH. Note however that since the reach of the detector is
sensitive to the PBH mass (see Eq. (5.20)), the total rate drops significantly for lighter
PBHs.
In addition to the transcendent GWs signal from PBH binaries discussed above, there
will also be a diffuse stochastic background arising from binaries which are too faint
to be detected as individual sources. For a recent analysis see Ref. [7], where it was
concluded that depending on the PBH merger rate (see above) and the shape of the
PBH distribution, such a stochastic background might indeed be detectable by LISA.37
5.4 Discussion
The peaks of the mass distributions in Fig. 5.2 are in an interesting mass region. In the
lower mass region (pink and grey curves) the bounds on f(M) are weaker (in particular
if one omits the neutron star capture bound), and it becomes possible to account for
a significant fraction, or maybe even all of dark matter, in PBHs. Moreover, the mass
ranges found in these benchmark models lie below the lower bound expected from
BHs formed in stellar evolution, M & 3M [97]. If detected, such light BHs thus
immediately point towards a possible primordial origin. On the other hand, the higher
mass region (brown curve) provides PBHs which might be in the correct ballpark to
be detected through their gravitational wave signatures in advanced LIGO. However,
we emphasize that for the specific, simple choice of h(φ) discussed here, the abundance
of PBHs in this mass range is strongly constrained by CMB observations, rendering a
detection with LIGO very challenging even for large density contrasts δlocPBH.
We stress that the spectra depicted in Fig. 5.2 are not a unique prediction but only
three representative benchmark models. Clearly, varying the parameters (as discussed
37In addition, the formation process of BPHs may lead to a stochastic GW background similar to
first order phase transitions [9].
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in Sec. 4) the amplitude of this signal can be adjusted. Moreover, as can be seen by
comparing Figs. 5.1 and 5.2, the position of the peak is very sensitive to the choice of
the function h(φ). In this context, we point out that Ref. [6] recently identified two
interesting ‘windows’ for PBH dark matter, in which dark matter could still consist of
PBH to 100%. The lunar BH window MPBH ∼ 1020 − 1024 g opens when omitting the
neutron star capture constraint, as mentioned above. The second window is located at
MPBH ∼ 1M − 103M (LIGO-like BHs) and may be reached by either considering
more complicated functions h(φ) or by a better understanding of the accretion and
merger processes in the matter dominated regime.
Given the different spectra depicted in Fig. 4.3, one might wonder if a sizable PBH
population might be achieved without invoking a non-minimal coupling to gravity, i.e.
for ς = 0. In this case the characteristic feature of the scalar spectrum is a plateau
extending to small scales. The function β(M) will hence also be constant, and the
strongest constraint come from searches for anisotropies in the CMB and for anomalies
in the (extra-) galactic photon background, restricting β . 10−28 at M ∼ 1013 g [13].
This implies f ∼ 10−20 (M/M)1/2. Integrating over the entire range which could
contribute to PBHs, the lower bound M > 5 · 1014 g dominates the integral leading to
ftot . 10−11, i.e. a completely negligible fraction of dark matter. In the setup discussed
here, the non-minimal coupling ς is hence essential to obtain a significant fraction of
dark matter in PBHs.
6 Conclusion and Outlook
Axion-like particles are one of the most natural candidates to drive cosmic inflation
since their perturbative shift-symmetry protects the flatness of their potential against
quantum corrections. These pseudoscalar fields typically couple to the gauge fields
present in the theory through a Chern-Simons term in the Lagrangian. As reviewed in
Sec. 2, in models of axion-inflation, such a coupling can lead to several interesting and
possibly observable phenomenological features. In particular, the production of chi-
ral gravitational waves is a peculiar signature of these models that could be observed
in the near future in experiments like the ground-based interferometer LIGO or the
space-mission LISA. Hence, it is extremely interesting to continue exploring the rich
phenomenology provided by these inflationary models. In this paper we showed that if
the axion-inflaton is non-minimally coupled to gravity, these models of axion-inflation
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represent a natural framework for the production of PBH dark matter. In particular,
in Sec. 3 we worked out the main generic features of an axion-inflation model with
non-minimal coupling to gravity, deriving both the background dynamics and the per-
turbation power spectra. As explained in Sec. 4, the interplay between the two main
features of this model, i.e. the coupling to gauge fields and the non-minimal coupling
to gravity, makes the generation of a broad peak in the scalar spectrum possible. In
particular, the increase of the spectrum is sourced by the instability caused by the
coupling between the inflaton and the gauge fields. If the kinetic function K(φ) (see
Eq. 3.4), corresponding to a non-minimal coupling to gravity in the Jordan frame,
features a rapid increase after the advent of this instability, a subsequent suppression
of the spectrum arises, generating a peak as shown in Fig. 5.2. The position of the
peak is determined by the choice of K(φ) and by the ratio α/Λ (see Eq. 3.4), which
parametrizes the strength of the inflaton coupling to gauge fields. In this context,
an interesting class of models is given by the attractors at strong coupling, defined in
Eq. (4.3). As shown in Sec. 5, by choosing the kinetic function K(φ) in such a way
that the previously mentioned condition is met (see Eq. (4.9)), PBHs produced with
this mechanism can account for a sizeable fraction of the dark matter present in the
universe in a wide region of the parameter space. As explained in the main text, if we
ignore the disputable bounds based on neutron star capture, PBHs can even account
for the totality of dark matter, in the mass range 1018 g − 1024 g. Heavier PBHs with
masses around a solar mass, although accounting only for a fraction of dark matter,
may in turn lead to observable GW signals in LIGO.
The inflationary model employed and the PBH production mechanism proposed in
this paper can be further developed following several complementary directions. For
instance, they should be embedded in a consistent cosmological scenario, which includes
the reheating of the Standard Model degrees of freedom. Since the inflaton is coupled
to gauge fields, (p)reheating would primarily produce these massless vector fields [98].
If the number of gauge fields N is larger than one38, this could lead to a tension with
the constraints on the amount of dark radiation present in the universe at the time of
Big Bang Nucleosynthesis and of recombination [75] if the gauge fields remain massless.
Hence, the inclusion of the Standard Model degrees of freedom and of the (p)reheating
should be consistent with these bounds. A detailed study of the (p)reheating process
could also provide interesting clues for the generation of the baryon asymmetry of the
38Or if N = 1 but the related gauge field is not the Standard Model hypercharge.
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universe, possibly sourced by the CP-violating axion-gauge field coupling [99–101].
The high sensitivity of inflation to quantum corrections makes it crucial to embed any
effective model into an UV complete theory. As remarked in App. A, string theory
contains all the ingredients necessary for the realization of an explicit embedding of the
PBH production mechanism described in this paper: inflaton-dependent non-canonical
kinetic terms for the axion-inflaton, a potential that supports axion-inflation and a
coupling between the axion-inflaton and topological terms of Abelian gauge theories.
The realization of an explicit string theory construction is beyond the scope of this
paper, and we leave it for future work.
In Sec. 5 we have only reported a few benchmark models in order to show that the
mechanism is well-suited for the production of PBHs. It would be interesting to perform
a systematic analysis in order to understand which choices of the scalar potential and
of the non-minimal coupling to gravity lead to the production of PBHs that compose
a sizable fraction of the dark matter present in the universe - or vice versa how to
reconstruct these fundamental ingredients of the theory for a given PBH distribution.
Finally, it would be interesting to extend this inflationary model to the case in which
the axion-inflaton is coupled to non-Abelian gauge fields, and to study how the PBH
production would be modified in such a setup.
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A Axions in field theory, supergravity and string
theory
A brief review of the QCD axion
An axion-like particle (axion, for short) is a pseudoscalar particle φ that enjoys a
continuous perturbative shift-symmetry of the form
φ→ φ+ a , (A.1)
where a is a real constant. Historically, axions arose in field theory to solve the long-
standing strong-CP problem of QCD [102]. The symmetries of QCD allow for a topo-
logical term in the Lagrangian
LQCD ⊃ θ
32pi2
trFµνF˜
µν , (A.2)
where Fµν is the QCD field strength. Such a term violates the CP symmetry and would
give rise to an electric dipole moment for the neutron in contrast with observations,
unless the parameter θ is tuned very small . 10−10 [103].39 The introduction of an axion
φ, proposed by Peccei and Quinn [104–106], solves this naturalness problem of QCD.
The field φ couples with the topological term (φ/f) FF˜ , giving rise to an effective θ
parameter
θeff = θphys +
φ
f
, (A.3)
where f is the axion decay constant. Due to the shift-symmetry of the theory, θphys can
be absorbed into the axion field. The shift-symmetry is broken by non-perturbative
effects [107] (instantons in the case of QCD) to a discrete shift symmetry of the form
φ→ φ+ 2pif , (A.4)
and a cosine-like potential for the axion is generated
V (φ) = muΛ
3
QCD
[
1− cos
(
φ
f
)]
, (A.5)
where ΛQCD is the QCD scale and mu is the mass of the up quark. Such a potential
dynamically sets the coefficient of the topological term to zero. This procedure is very
39The physical quantity is θphys = θ + arg (det (MuMd)), where Mu and Md are the quark mass
matrices. The shift comes from a chiral rotation of quark fields in the Standard Model Lagrangian.
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generic: non-perturbative effects always induce cosine-like potentials for axions. A
coupling φFF˜ between the axion and the topological term is also allowed for Abelian
gauge groups, i.e. such a term is generically not forbidden by any symmetries. This
is the basis for the coupling between the axion and Maxwell theory considered in this
paper.
An axionic field with a coupling of the form φFF˜ is often associated with theories
exhibiting global chiral or gauge anomalies. In the case of a gauge anomaly the axion
is eaten by the gauge boson, giving rise to a consistent effective theory with a massive
gauge boson. As a result the axion is removed from the low energy spectrum. This
can be avoided in more complicated constructions with multiple U(1) factors and a
carefully chosen fermion spectrum [108]: In particular, one can construct theories with
massless gauge bosons that couple to axions as φFF˜ .
Axions as inflaton fields
Due to their perturbative shift-symmetry, axions are one of the most natural candidates
to drive inflation: such a symmetry protects the flatness of their scalar potential against
quantum corrections. The arguably simplest axion inflation model employs the cosine
potential (A.5).40 Note that inflation models based on such an oscillatory potential are
models of large-field inflation: the slow-roll conditions are satisfied for φ & mp. As the
potential is periodic, this implies that the period needs to take super-Planckian values,
i.e. natural inflation requires f & mp.
More general inflationary potentials can only be generated if the shift-symmetry is
broken completely. If the breaking is explicit, the protection from quantum corrections
would generically be lost. However, we can retain a sufficient level of control by only
breaking the shift-symmetry weakly: note that it is technically natural to take the
symmetry-breaking terms to be small. Then the quantum corrections resulting from
the breaking are also suppressed. Another way of preserving the protection offered by
the shift-symmetry is to only break it spontaneously. This can be realized by coupling
the axion to a 3-form theory [109–111]. To be explicit, consider the theory of an axion
φ and a 3-form Cνρσ with corresponding field strength Fµνρσ = 4∂[µCνρσ] described by
40The inflationary potential is obtained from eq. (A.5) substituting muΛ
3
QCD → Λ4, where Λ is the
scale of non-perturbative effects that generate the potential for the inflaton, i.e. V = Λ4 [1− cos (φ/f)].
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the following Lagrangian density:
L = 1
2
(∂φ)2 − 1
48
F 2µνρσ +
µ
24
φ µνρσFµνρσ . (A.6)
Here µ is a parameter with the dimensions of mass. As a 3-form does not have any
propagating degrees of freedom in 4 dimensions, it can be integrated out, leading to
L = 1
2
(∂φ)2 − 1
2
(q + µφ)2 , (A.7)
where the parameter q corresponds to a VEV for F4 [110]. Thus one arrives at a
non-periodic potential for the axion of the form V = 1
2
(q + µφ)2. The discrete shift
symmetry is still intact as a shift in φ is accompanied by a shift in q:
φ→ φ+ 2pif , q → q − 2piµf . (A.8)
However, the symmetry is broken spontaneously once a minimum φ = −q/µ is chosen.
As q is quantized and takes discrete values one finds a family of potentials of the form
V = 1
2
(q + µφ)2, one for each possible value of q.41 The model still profits from a
protection from large quantum corrections: the symmetry implies that corrections to
V can only come in the form of powers of V/Λ4 with Λ the UV cutoff.
Above we saw how this approach can give rise to a quadratic axion potential. This
method can also be used to realize more complicated axion potentials [109]. In partic-
ular, by modifying the 3-form kinetic term as
− 1
48
F 2µνρσ → −
M4
24
G
(
µνρσFµνρσ
M2
)
, (A.9)
for some function G(x) and a scale M , one arrives at an axion potential
V = M2
∫
dφ (G ′)−1
(
q − µφ
M2
)
, (A.10)
where (G ′)−1 is the inverse function of G ′.
So far we have discussed how theories of axions with various potentials can be con-
structed in field theory. For our purposes we also want to consider axion theories that
– in Einstein frame – exhibit a non-canonical kinetic term. As we had not included
gravity in our discussions of axions yet, there was no need to consider non-canonical
41The existence of a family of potentials introduces the danger that the axion may tunnel to another
branch of the family rather than perform slow-roll on one branch.
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kinetic terms, as one could always normalize. However, we will return to the ques-
tion of non-canonical kinetic terms in the next sections, when we consider axions in
supergravity and string theory.
While considering axions as inflatons helps overcome many UV problems of inflation
in effective field theory, one cannot remain completely agnostic about UV physics. For
example, natural inflation needs f & mp, which seems to be an unnatural feature in the
context of quantum gravity [27,112,113]. Hence, in the following we will describe how
axions and their properties can arise when the UV physics is given by string theory.
As string theory models of axion inflation are typically formulated in the effective
supergravity theory arising from string theory compactifications, we turn to axions in
supergravity next.
Axions in supergravity
Axions can be very naturally embedded in supergravity. They can be described by ei-
ther the phase or the real or imaginary parts of complex scalar fields in supermultiplets.
Consider for example a theory of a chiral superfield Φ described by:
K ≡ K (Φ + Φ) , W ≡ W0 = const . (A.11)
As K only depends on the combination (Φ + Φ) and W is independent of Φ, the
theory is symmetric under continuous shifts of Im(Φ), which we identify with the axion:
φ ≡ Im(Φ).
To generate a potential for the axion, the shift symmetry has to be broken. This can
occur due to non-perturbative effects as in the non-supersymmetric case. To this end
we introduce a non-Abelian gauge sector with its corresponding field strength superfield
Wα. If we choose the corresponding gauge kinetic function to be f = Φ, the axion φ
will couple to the topological term of the non-Abelian gauge theory:
(Φ trWαWα + h.c.)|F ⊃ −φ trFµνF˜ µν . (A.12)
Then non-perturbative effects will introduce a periodic (Einstein-frame) potential for
φ while at the same time breaking the continuous shift symmetry down to a discrete
one.
In this paper we are also interested in the coupling between the axion and the topo-
logical term of an Abelian gauge theory. This will arise from a coupling of type (A.12)
where Wα is now the field strength superfield of the Abelian gauge theory.
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One can generate more general (i.e. non-peridiodic) potentials for φ if the chiral su-
perfield Φ appears in the superpotential explicitly, e.g. W = mh(Φ) where h is a
holomorphic function. Then the shift symmetry of the axion is broken explicitly by W
(see however [110, 111]) and one may generate a polynomial Einstein-frame potential
VE. As K is still shift-symmetric, some of the axionic protections are still active. In
particular, the breaking of the shift-symmetry is completely controlled by the param-
eter m. This is the ansatz for inflation models realizing F -term axion monodromy
inflation [114–116].
For our purposes we are particularly interested in theories where the axion kinetic term
depends non-trivially on the axion itself. Given a Ka¨hler potential K the function K(φ)
appearing in (3.4) is given by K ≡ ∂Φ∂ΦK. We can then make the following observa-
tion. If K preserves the axionic shift-symmetry, it only depends on the combination
( Φ + Φ ) and the function K will only depend on the saxion Re(Φ), but not on the
axion φ = Im(Φ). Hence it seems that in supergravity we cannot get any non-trivial
axion-dependence in K, without breaking the axionic shift-symmetry in K.42
It is possible to break the shift-symmetry in the Ka¨hler potential in different ways. One
possibility is to introduce an explicit breaking term as in [51,117,118]. In such a case,
in order not to lose all the advantages deriving from the shift-symmetry, the amount
of breaking has to be small. In particular, we can always include further fields in the
theory. Hence, a possibility is to break the shift-symmetry through loop effects, as
for example for theories whose superpotential W ⊃ κΦS+S− [119–121], where S± are
heavy fields. Upon integrating out S±, axion-dependent loop corrections modify the
Ka¨hler potential. The amount of shift-symmetry breaking is naturally small because
loop-suppressed.
Furthermore, it is important to observe that in supergravity we can never get a theory
of just an axion. As the axion arises from a complex scalar, there will at least always be
the saxion partner as an additional field. If we consider effective supergravity theories
from string theory, the existence of further fields is rather generic. Note that these
generically introduce an explicit axion-dependence in the axion kinetic term through
backreaction.
Finally, note that in the Peccei-Quinn mechanism the axion arises from a phase of
42This finding holds for all axions, i.e. also for axions arising as phases or the real parts of complex
scalars in chiral superfields. As long as K does not depend on the axion as required by shift-symmetry,
there cannot be any axion-dependence in K.
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a complex field, whereas here we focused on axions corresponding to the imaginary
part of a complex scalar: φ = Im(Φ). However, both descriptions are related. If the
real part of a complex scalar is a scalar, then calling the imaginary part or the phase
a pseudoscalar is equivalent (in both cases, a complex conjugation corresponds to a
change in sign in the pseudoscalar part). An explicit connection between the two cases
can be made as follows. In particular, let
f = Φ ≡ σ + iφ , (A.13)
with φ an axion and σ denoting the scalar component (saxion). Then we can define
ΦPQ = e
f = eiφ(coshσ + sinhσ) , (A.14)
such that the axion now appears as a phase. Hence the descriptions of an axion as a
phase vs. the imaginary part are equivalent descriptions related by a non-linear map.
Axions from String Theory and Quantum Gravity Constraints
Axions are also a very natural prediction of string theory. They arise from the dimen-
sional reduction of form field gauge potentials on sub-manifolds of the string theory
compactification space. The shift-symmetry in the four-dimensional effective field the-
ory is a remnant of the gauge symmetry of gauge fields in the ten-dimensional theory.
In addition there are also universal axions (the axionic part of the axio-dilaton and
the axions from dualizing to 2-form gauge potentials (see e.g. [122] for a brief review).
It is even expected that string theory compactifications may give rise to a string axi-
verse [123,124].
There has been a sustained effort in the string theory community to embed inflation
in string theory. Due to issues of theoretical control, models of inflation are typically
constructed in a regime where an effective field theory description is applicable, rather
than working in string theory directly. In particular, models are typically realized
in the effective supergravity theory. There exists a multitude of proposed models of
inflation in string theory (for a review until 2014 see [122], for subsequent progress
and references until September 2014 see [125]). However, most models come with open
questions regarding control of quantum corrections, such that it is difficult to make
robust predictions.
However, there are certain properties which appear to be universal as far as embed-
ding axion inflation in string theory is concerned. In particular, axions with a super-
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Planckian period (f > mp) seem to be inconsistent with string theory compactifica-
tions [27]. This implies that the simplest models of natural inflation cannot arise from
string theory. This is also consistent with general quantum gravity arguments [112,113].
This does not imply that axion inflation in general is forbidden in string theory. How-
ever, to evade the constraints on the axion field range, models have to become more
involved. The following mechanisms have been proposed to allow for inflation despite
the constraint on the axion period:
• Alignment mechanisms [126]. The idea is to create a long super-Planckian inflaton
trajectory in the field space of two or more sub-Planckian axions. It is necessary
to tune the potential [126] or to rely on kinetic terms [127,128] to create this long
trajectory within a compact sub-Planckian field space.
• N-flation [129–131]: This approach exploits the fact that a diagonal direction in
the field space of N axions can be super-Planckian for sufficiently large N , even
if every single axion has a sub-Planckian field range.
• Axion monodromy [132, 133]: These models make use of an explicit breaking of
the shift-symmetry (e.g. due the presence of branes) in the spirit of [109–111]
to generate a perturbative non-periodic potential for the axion. The originally
periodic axion field space is effectively unfolded.
String theory compactifications contain all necessary ‘ingredients’ for a successful em-
bedding of any one of the above approaches: the existence of multiple axions is rather
generic and D-branes and fluxes give rise to monodromies. Consequently, there exist
many proposed models based on these ideas (see e.g. [125] for a review until Sep. 2014).
Yet, there are many open questions regarding the viability of any one model of axion
inflation from string theory. Generalizations of the Weak Gravity Conjecture pose seri-
ous constraints on models based on alignment or N-flation [134,135]. At the same time
there are persistent problems with control as far as the stabilization of additional scalar
fields (moduli) is concerned. Overall, at the time of writing there is no final verdict
regarding axion inflation from string theory: While string theory exhibits many prop-
erties for successful axion inflation, there does not yet exist a model that withstands
deeper scrutiny.43
43Models of axion inflation are typically models of large-field inflation which will give rise to mea-
surable tensor modes. However, measurable tensor modes can also be generated in stringy inflation
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What does this imply for the models of axion inflation considered in this work? In this
paper we explore models that – in Einstein frame – exhibit a range of axion potentials,
but also have non-canonical kinetic terms for the axion that depend on the axion
itself. In addition, the axion should couple to the topological term associated with
Abelian gauge theories. Overall, we find that string theory exhibits all the properties
to accommodate the axion inflation models discussed in this work – at least in principle.
• As far as the potential is concerned, models of axion inflation in string theory
were shown to give rise to a wide range of possible potentials. The possibilities
increase further once back-reaction of other scalar fields (moduli) is taken into
account [141,142].
• As the existence of moduli is a generic feature of string theory compactifications,
back-reaction effects will typically play a role. As described in the section on
supergravity, back-reaction effects can also induce axion-dependence of the kinetic
terms.
• Furthermore, couplings between axions and the topological terms of (non-)Abelian
gauge theories is generic in string theory. These couplings are a crucial ingredient
for the cancellation of gauge anomalies in consistent string vacuums via the gen-
eralized Green-Schwarz mechanism.44 Interestingly, couplings of the form φFF˜
can also arise if the gauge theory is non-anomalous (see e.g. [143]).
However, to make any more precise statements would require the construction of an
explicit string embedding, which is beyond the scope of this paper. We hence leave this
for future work.
B Scalar power spectrum and consistency checks
In this appendix we present some details of the derivation of Eq. (3.27) and we also
show some plots that ensure the validity of the approximations performed during this
models that do not employ axions [136–138]. For such inflationary models explicit string theory em-
beddings have been built, including a controlled moduli stabilization procedure and the presence of a
chiral visible sector [139,140].
44In this case the gauge bosons receive string scale masses.
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Figure B.1: Evolution of the terms in Eq. (B.2) for the case h(φ) = φ with ς = 0.01, N = 10 (left
plot) and for the case ς = 7, N = 1 (right plot) expressed in natural units. In particular the different
colors correspond to the six terms on the right hand side of Eq. (B.2) respectively.
procedure. Let us start by expressing Eq. (3.24) as:
− α
Λ
δ ~E· ~B
K
= δ¨φ+
[
3H + φ˙0
d lnK
dφ0
− pi
HK
(α
Λ
)2
〈 ~E · ~B〉
]
˙δφ+
+
[
1
2
d
dφ0
(
d lnK
dφ0
)
φ˙20 +
d
dφ0
(
VE,φ0
K
)
−
(α
Λ
) d lnK
dφ0
〈 ~E · ~B〉
K
−
~∇2
a2
]
δφ .
(B.1)
By neglecting the δ¨φ term and the ~∇2δφ/a2 (that clearly are higher order in terms of the
slow-roll parameters) and, following the same procedure used in [33] by approximating
˙δφ with Hδφ, Eq. (B.1) can be expressed as:
− α
Λ
δ ~E· ~B
K
=
[
3H2 + φ˙0H
d lnK
dφ0
− pi
K
(α
Λ
)2
〈 ~E · ~B〉 +
+
1
2
d
dφ0
(
d lnK
dφ0
)
φ˙20 +
d
dφ0
(
VE,φ0
K
)
−
(α
Λ
) d lnK
dφ0
〈 ~E · ~B〉
K
]
δφ .
(B.2)
At this point, we can proceed by neglecting all the other terms that are not relevant
in order to study the evolution of the system in the gauge field dominated regime. In
particular, it is possible to show that most of the terms appearing in Eq. (B.2) are
not relevant for our purposes. In order to show this explicitly we have substituted
the solution φ0(N) for the background equations of motion (i.e. the system given by
Eq. (3.16) and Eq. (3.17)) into Eq. (B.2). The plots of the absolute values of the different
terms appearing in Eq. (B.2) is shown in Fig. B.1 for two of the models presented in
Sec. 4. It should be clear from these plots that Eq. (B.2) can be approximated by only
keeping the terms proportional to 3H2 and the pi
K
(
α
Λ
)2 〈 ~E · ~B〉.
Using this approximation (consistent with the discussion carried out in [33]) Eq. (B.2)
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can be expressed as:
− α
Λ
δ ~E· ~B = 3H
2K
[
1− pi
(α
Λ
)2 〈 ~E · ~B〉
3H2K
]
δφ . (B.3)
At this point we can proceed by defining:
b ≡ 1− pi
(α
Λ
)2 〈 ~E · ~B〉
3H2K
, (B.4)
so that in the case K(φ) = 1 we recover the usual expression:
b = 1− pi
(α
Λ
)2 〈 ~E · ~B〉
3H2
. (B.5)
In the approximation 〈ζ2(x)〉 ' ∆2s(k), the scalar power spectrum in the gauge field
dominated regime can thus be expressed as:
∆2s(k)
∣∣
gauge
'
(
H
φ˙0
)2
〈δφ2〉 '
(
H
φ˙0
)2 (α
Λ
)2( 1
3bH2K
)2
〈(δ ~E· ~B)2〉 , (B.6)
and finally, using 〈(δ ~E· ~B)2〉 ' 〈 ~E · ~B〉2, we get:
∆2s(k)
∣∣
gauge
'
(
α〈 ~Ea · ~Ba〉/√N
3bΛφ˙0HK
)2
, (B.7)
where we also have generalized the definition of b:
b ≡ 1− pi
(α
Λ
)2 〈 ~Ea · ~Ba〉
3H2K
, (B.8)
in order to extend our results to the case with N Abelian gauge fields.
C Uncertainties in the PBH production
PBH formation has been subject to many dedicated studies over the past decades and
there are several effects which we did not take into account in the analysis of the main
text. Here we list some of these effects and estimate their impact on our results, see
also Ref. [6] for a more detailed overview.
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Critical collapse
Primordial scalar fluctuations with a power spectrum P (ζ) form PBHs upon re-entry
into the horizon if ζ > ζc. A reference scale for the mass of the resulting black hole is
the horizon mass MH at the time of horizon re-entry tN ,
MH(N) '
4pim2p
Hinf
ejN ' 55 g
(
10−6mp
Hinf
)
ejN , (C.1)
More accurately the mass spectrum of PBHs (at the time of formation) follows a critical
scaling relation [144–148],
M(ζ,N) = κMH(N)(ζ − ζc)y , (C.2)
for ζ > ζc, where the dimensionless parameters κ, ζc and y have been studied nu-
merically for the case of spherical, Gaussian perturbations in a radiation dominated
background. Following [149–152] we will use κ = 3.3, ζc = 0.45 and y = 0.36 in the
following – subject to the caveat that these values have been obtained for the spherical
collapse of Gaussian fluctuations. Employing Eq. (C.2) instead of Eq. (5.1), the simple
one-to-one correlation between a fluctuation sourced at a given e-fold N and a PBH
mass M is lost, for any given N there will be a tail of low-mass PBHs as ζ approaches
the critical value ζc.
We can determine the fraction of space that collapses to form black holes at a given
time (i.e. when the fluctuations corresponding to a given N re-enter the horizon) as
β(N) =
∫ ∞
ζc
M(ζ,N)
MH(N)
PN(ζ)dζ =
∫ ∞
ζc
κ(ζ − ζc)yPN(ζ)dζ . (C.3)
Here PN(ζ) denotes the probability distribution of fluctuations sourced at N e-folds
before the end of inflation, which in our case is given by the non-Gaussian distribu-
tion (5.3). Using Eq. (C.3) and Eq. (C.2) the fraction of space collapsing at a fixed tN
in a given mass interval [M,M + dM ] is given as
β˜(N,M) dM =
M
MH(N)
PN(ζ(M))
dζ(M)
dM
dM , (C.4)
with ζ(M) = (M/(κMH))
1/y+ζc. One can easily confirm that
∫∞
0
β˜(N,M)dM = β(N),
i.e. the function β˜(N,M) describes the mass distribution of PBHs formed at a given tN ,
normalized to the total fraction of space collapsing at tN . Note that β˜(N,M) carries
an inverse mass dimension. This function (with a somewhat different normalization)
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Figure C.1: Critical collapse versus horizon mass collapse. The dashed blue curves show the results
obtained with the procedure implemented in the main text, the solid black curves are obtained with
the critical collapse calculation explained in this appendix.
has been referred to as ‘initial mass function’ [6, 152]. Finally integrating over N we
obtain the total fraction of space collapsing into PBHs in the mass range [M,M + dM ]
as
β(M) =
∫ Nmax
0
β˜(N,M)
dM
dN
dN , (C.5)
with dM/dN = jMH(N) and Nmax < 60 denotes the largest N which leads to signifi-
cant PBH production (within the radiation dominated regime).
In Fig. C.1 we compare the amount of black holes formed in the horizon mass scenario
and taking into account critical collapse, for a toy model with a scalar spectrum ∆2s(N)
which features a Gaussian peak around N = 25 with a variance of ∆N = 2. We use a
non-Gaussian power spectrum as in Eq. (5.3). In both panels, the dashed blue curve
shows the result obtained in the horizon mass collapse setup (as implemented in the
main text), whereas the solid black curve denotes the results obtained with the critical
collapse formalism reviewed in this appendix. As expected, the differences are larger in
the right panel, where we consider the distribution in terms of PBH masses instead of in
terms of formation time tN . However, in most of the parameter space the effect is only
about an O(1)-factor in β(M), which turns out to be essentially irrelevant compared
to the variations in ∆2s (to which β(N) is exponentially sensitive) which are induced
by different choices of the non-minimal coupling ς, the number of gauge fields N and
the choice of functional form of the non-minimal coupling, h(φ), see Sec. 4.
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Non-spherical collapse
In general, the fluctuations entering the horizon will not be exactly spherical, which
can significantly alter the predictions of PBH formation. As detailed in Ref. [153], the
shape of the mass function is expected to remain essentially the same, but there can
be an overall decrease in the amplitude. We note that in our context this effect is
essentially degenerate with the number of gauge fields in the model, i.e. we expect that
taking into account the ellipticity of the fluctuations might allow us to reproduce the
mass distributions discussed in the main text with a smaller number N of gauge fields.
Mergers and accretion
So far, we have considered primordial black holes as essentially isolated objects. While
this picture is quite appropriate in the radiation dominated regime (where most of the
PBH formation takes place), things become more complicated with the onset of the
matter dominated regime. Due to the slower expansion rate of the universe, clustering
of matter becomes efficient and black holes begin to grow due to the accretion matter
and due to mergers with other PBHs. These processes stabilize the PBHs against decay
through Hawking radiation (an isolated PBH will have decayed by today if M∗ . 5 ·
1014 g, whereas the corresponding value at matter radiation equality is M eq∗ ' 3·1012 g).
It has thus been argued [25], that the overall effect of the merging process may be
estimated by considering all PBHs with a mass heavier than M eq∗ as stable and by
applying an overall shift M → 103M to obtain the mass function today from the mass
function at matter radiation equality. This moreover implies that the fraction of dark
matter consisting of PBHs remains unchanged after the onset of the matter dominated
regime.
In our analysis of the model determined by Eq. (4.9) (which is the only model giving
a significant PBH dark matter contribution), the total amount of PBH dark matter is
rather insensitive to these uncertainties, since our mass distributions are only significant
for M  M∗. Furthermore, we note that shifting the mass distribution even by three
orders in magnitude in e.g. Fig. 5.2, will not significantly alter the compatibility of
the spectrum with the existing bounds. This is simply due to the scale invariance of
the bounds over wide ranges of the parameter space. Note however that this discussion
does become relevant when comparing to the mass distribution of PBH observed e.g. by
the LIGO/VIRGO collaboration. Given a peak-like structure in the BH distribution,
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extracting parameter values in the context of the scenario presented here will require
a more careful study of this question.
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